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A stochastic theory of inhomogeneously broadened linewidths in solids
Ulrich Zürchera)
Department of Chemistry, University of Kansas, Lawrence, Kansas 66045

~Received 27 April 1995; accepted 20 June 1995!
We investigate spectral diffusion decay using a model for solids that consists of two-level-systems
~TLSs! interacting via strain fields. For the case when the rate of TLS flips vanishes, we find
algebraic decay of correlation functions of the local field. We show that properties of equilibrium
fluctuations are in agreement with the hierarchical picture proposed by Basché and Moerner: TLSs
far away produce fast fluctuations that are small in magnitude, and close TLSs produce large
fluctuations that are less frequent. © 1995 American Institute of Physics.

I. INTRODUCTION

High-resolution spectroscopy of single molecules in solids has attracted considerable interest in recent years.1 This
technique avoids the usual ensemble averaging that occurs
when a large number of molecules are probed at the same
time, making detailed tests of microscopic theories possible.
Indeed, Basché and Moerner measured frequency shifts of
perylene in polyethylene. They proposed an hierarchical picture of fluctuations of the ‘‘nano-environment;’’ impurities
far away producing fast fluctuations that are small in magnitude, and close impurities producing large fluctuations that
are less frequent.2
Because the environment of each impurity is different,
each spectral line is a superposition of Lorentzian profiles,
and the line is inhomogeneously broadened. In a real material, there are both static and dynamic contributions to the
overall lineshape. The static contribution defines the overall
lineshape on a very large frequency scale and usually varies
dramatically depending upon the handling of the material.
For example, the inhomogenous linewidth of pentacene in
p-terphenyl crystals is observed to vary from 40 GHz to 700
MHz depending simply upon the care taken to make the
sample. In this paper, we ignore this static contribution and
instead concentrate on the dynamic contribution to the lineshape which is controlled by some stochastic process.
The shift of the absorption frequency ~the so-called local
field! of the impurity k is given by an Ising-type interaction
H k 5 ( jÞk v k j s j , where s j is the pseudo-spin variable and
where v k j is the interaction between the impurities k and j.
Averaging over the pseudo-spin variables, Gaussian and
Lorentzian distributions of the local field follow for solids
with high and low densities of impurities, respectively.3
While this approach yields, in principle, exact expressions
for profiles of inhomogeneously broadened lines, we do not
gain insights into the stochastic process of the local field.
Spectral diffusion is the stochastic process of fluctuations of
the local field caused by random spin flips.
Because at all times, an individual spin is either in its up
or down state, only average values of spin variables relax.4
We may consider the average of a single spin variable during
a time interval of length Dt. For Dt much larger than the
time-scale of spin flips, Dt @ t 0 , the spin spends equal
a!
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times in its up and down state, and the average spin variable
vanishes. For shorter time intervals, Dt; t 0 , the spin spends
more time in the state in which it was initially prepared.
Taking the average over time intervals of variable length t,
we find exponential decay of the spin variable,
^ s i (t) & t 5exp(2t/t0)si(0). Alternatively, we may consider N
copies of the spin s i and take the corresponding ensemble
average. We find again exponential decay of the average
spin, ^ s i (t) & N 5exp(2t/t0)si(0). Correlation functions are
then obtained by taking the average over the spin variable at
the time t50, ^ s i (t) s i (0) & t,N 5exp(2t/t0)^s2i (0)&.
The local field is the ~weighted! sum of an infinite sum
of spins. Defining spectral diffusion, Klauder and Anderson
made a particular choice and considered the case when the
average over individual spins is taken first and then the behavior for an infinite number of spins is studied.5 Most work
on spectral diffusion follows this approach. Recently,
Zumofen and Klafter studied spectral diffusion for a large
but finite number of spins.6 They observed that the flip of
any spin may cause a change in the local field. Thus, the
characteristic time-scale of fluctuations of the local field is
inversely proportional to the number of spins. For a large
number of spins, the time-scale of fluctuations of the local
field is much shorter than that of a single spin flip. Furthermore, a particular configuration with a majority of spins in
either the up or down state occurs with vanishing probability.
Spin flips cause an initial configuration with an unequal
number of spins in the up and down state to relax towards
the stable equilibrium configuration.
In this paper, we use the approach proposed by Zumofen
and Klafter to investigate the spectral diffusion of an infinite
number of spins. We derive properties of the local field that
are in agreement with the hierarchical picture of fluctuations
proposed by Basché and Moerner.
The outline of this paper is as follows. In Sec. II, we
review briefly the theory of spectral diffusion by Klauder and
Anderson and discuss the crossover from Lorentzian to
Gaussian diffusion in their model. In Sec. III, we derive the
hierarchical picture of fluctuations of the local field for times
shorter than the characteristic time-scale of individual spin
flips. Properties of the local field in the stationary state are
discussed in Sec. IV. We find that line profiles are given by
Lévy-distributions. The crossover form Lorentzian to Gaussian line shapes is analyzed in more detail in Sec. V. Finally,
we summarize our results in Sec. VI.
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II. SPECTRAL DIFFUSION: THEORY BY KLAUDER
AND ANDERSON

In solids, vibrations of ionic cores lead to elementary
excitations that are extended throughout the sample
~phonons!. In many cases, additional degrees of freedom exist that are associated with, e.g., changes in local configurations. In a widely used model, two-level-systems ~TLSs! are
introduced by truncating the spectrum of these local modes
to their ground and first excited states.7,8 The TLSs are
coupled to phonons and the TLS energy-splitting is renormalized, E k →E k 1H k . The local field is of dipolar form9
which we write for later use as
H k5 g

1

( k sj .
jÞk r k j

~1!

Here, r k j is the distance between the TLSs k and j, and s j is
the pseudo-spin variable, s j 56 21. We consider values of the
exponent 0< k <3 so that the local field decreases more
slowly than the dipolar field ( k 53).
We assume that the spin j is initially in the state s j (0)
and jumps subsequently between its two levels with probability per unit time t 21
0 . Averaging over the realizations of
the spin variable, we find its conditional probability,
P @ s j ,t; s j ~ 0 ! ,0 # 5e 2t/ t 0 d s j s j ~ 0 ! 1 ~ 12e 2t/ t 0 ! P eq .

~2!

Here, P eq is the equilibrium distribution,
P eq5 21 ~ u ↑ &^ ↑ u 1 u ↓ &^ ↓ u ! .

~3!

Spectral diffusion is the conditional probability of the
local field. Klauder and Anderson consider the case when the
average over realizations of the spin-variables is taken first
and thus define

KS

p ~ H,t;H 0 ,0 ! 5 d H2 g

s

( dj
jÞk r k j

DL

.

~4!

Here, ^ • & denotes the average with respect to the conditional
probability of individual spins P @ s j ,t; s j (0),0# . Using some
approximations, one finds for short times t→0,
p ~ H,t;H 0 ,0! 5

1
2p

E

`

2`

dy exp@ iy ~ H2H 0 !

2 t 21
0 tK ~ y !# ,

~5!

E

`

r min

S

drr 2 12cos

D

gy
.
rk

~6!

Here, n is the density of spins, and r min is the distance to the
nearest spin, r min→0. Depending on the value of y, we find
K~ y !5

H

~ 2 p /3! n g u y u ,
2

u y u .2 p r kmin/ g ,

~ 2 p /3! n ~ y g ! 2 /r kmin,

y→0,

~7!

so that K(y) } u y u except when y is small, in which case
K(y) } y 2 . Thus, for a small difference H2H 0 , the spectral
diffusion is a Lorentzian whose width grows linearly with
time,

~8!

while for H2H 0 large, the distribution is a Gaussian whose
variance grows linearly with time,
w G~ t ! 5

2 pg 2
3r dmin

n t 21
0 t.

~9!

The local field approaches a stationary state for long
times. For this state, Klauder and Anderson find a Lorentzian
distribution that goes over into a Gaussian at H;H cr
k
5 ( g /2 p )r 2
min . For two different values of the exponent,
k 1 , k 2 , we have H cr ( k 1 ),H cr ( k 2 ) so that the profile is
more like a Lorentzian for larger values of k . We observe
that a Lorentzian profile with Gaussian wings is not a stable
distribution,10 from which we conclude that the theory by
Klauder and Anderson is correct only in some approximate
manner.
III. RELAXATION OF THE LOCAL FIELD

We consider the case when the rate of flips of a single
spin is arbitrarily small, t 21
0 →0. It follows that during a
finite time-interval, the probability for a particular spin flip to
occur is vanishingly small. Because we consider a system
with an infinite number of spins, however, changes in the
local field occur with some finite probability during time
intervals of non-zero lengths.
We observe that the flip of a close spin causes a larger
change in the local field than the flip of a spin far away. We
introduce concentric ‘‘shells’’ around the spin s k . For two
spins s j and s l in the same shell, r n ,r k j ,r kl , r n11 , simultaneous flips, s j 511→ s j 521 and s l 521→ s l 511,
cancel each other out and the local field does not change. We
neglect cancellations of spin flips across different shells and
thus write the local field as
`

H5 g

N

( kn s n .
n51 r n

~10!

Here, N n is the number of TLSs in the n-th shell and s n is the
superposition of spins in that shell,
s n5

where K(y) can be approximated by an integral,
K ~ y ! 54 p n

2 p 2g
n t 21
0 t,
3

w L~ t ! 5

1
Nn

(

r n ,r k j , r n11

sj .

~11!

We note that the value of s n is bounded, 2 21,s n ,1 21.
Because each spin is in its ground and excited state with
equal probability, the expectation value of the superposition
of spins vanishes, ^ s n & eq50, and its variance decreases as the
number of spins increases. Using the equipartition theorem
we have (k B 51),

^ s 2n & eq5

T
.
Nn

~12!

Further, flipping any spin in the n-th shell may cause a
change in s n , and the characteristic time-scale of the process
s n (t) is inversely proportional to N n ,

t n5

t0
.
Nn
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An initial configuration of spins with s n Þ 0 relaxes towards
the equilibrium configuration s n 50 on the time-scale t n ,
s n (t)5exp(2t/tn)sn(0). The correlation function follows as
^ s n (t)s n (0) & 0 5exp(2t/tn)^s2n&0 . We assume thermal equilibrium at t50 so that ^ s 2n & 0 5 ^ s 2n & eq . It follows

^ s n~ t ! s n~ 0 ! & 05

S D

T
N nt
exp 2
.
Nn
t0

~14!

The relaxation of the local field is induced by the relaxation of the superposition of spins, Eq. ~10!,
`

H~ t !5g

N

n
(
k s n~ t ! .
r
n51 n

~15!

We assume that the number of spins is different in each shell,
so that the stochastic processes s n (t) and s m (t) with n
Þ m have different characteristic time-scales. It follows that
correlations between the two processes can be neglected,
^ s n (t)s m (0) & eq 5 d nm exp( 2 Nnt/t0)^s2n&eq . For equilibrium
correlations of the local field we find
`

^ H ~ t ! H ~ 0 ! & eq5 g T (
2

Nn

2k
n51 r n

~16!

N n 5N 0 r 2n ,

~17!

where N 0 is proportional to the density of spins, N 0 } n. We
insert Eq. ~17! into Eq. ~16!, ^ H(t)H(0) & eq
2
k
5 g 2 T ( n N 0 r 222
exp(2N0t21
n
0 rnt). For D r →0, the series
goes over into an integral

E

`

0

~18!

We separate the time-dependent part of the RHS of Eq.
~18! and find

E

`

0

~19!

I ~ u ! K ~ u,t ! du.

Here, K(u,t) is the Green’s function of the one-dimensional
diffusion equation,
K ~ u,t ! 5

1

A4N 0 t 21
0 t

S

exp 2

u2
4N 0 t 21
0 t

D

,

~20!

E

`

0

for k 53.

t→`

~22!

For k <2, we find algebraic decay of the correlation function,

^ H ~ t ! H ~ 0 ! & eq;

1
,
t 5/22 k

t→`

for k <2.

~23!

We note that for k 52 and k 53 correlations of the local
field are persistent as they do not define a finite ‘‘effective’’
relaxation time, * `0 ^ H(t)H(0) & eqdt } t eff →` for k 52,3.
At non-zero temperatures, relaxation is accompanied by
thermal fluctuations. This is the central statement of the
fluctuation-dissipation theorem ~FDT! ~Ref. 12! which in the
case of Brownian motion relates the diffusion constant to the
damping constant. Because the correlation function of the
superposition of spins decays exponentially in time, Doob’s
theorem holds and thermal fluctuations of s n (t) are described
by a Gauss-Markov process.13 Thus, s n (t) spreads diffusively in time,

^ @ s n ~ t ! 2s n ~ 0 !# & eq5D n t.

d rr 422 k cos~ u r ! .

~21!

~24!

From Eqs. ~12! and ~13! we find that the diffusion constant is
independent of the number of spins,
D n5

^ s 2n & eq
tn

5

T
5const.
t0

~25!

Furthermore, the stationary distribution of s n is a Gaussian
with variance ^ s 2n & eq5TN 21
n ,

A

1

p TN 21
n

S

exp 2

s 2n
TN 21
n

D

.

~26!

The noise spectrum of the local field is defined by
S H ( v )5(1/2p ) * `2` ^ H(t)H(0) & eq exp(ivt) dt. From Eqs.
~22! and ~23!, we find in the limit v →0,
S~ v !;

H

1/v ,

k 53,

1/Av , k 52,
const,

~27!

k 51,0.

That is, the noise spectrum is ‘‘white’’ for k 50 and k 51,
while it is ‘‘colored’’ for k 52 and k 53.
In thermal equilibrium, the time evolution of the local
field is governed by a stochastic ‘‘force,’’
H~ t !5

and the function I(u) is given by,
I ~ u ! 54 p 2 g 2 TN 0

^ H ~ t ! H ~ 0 ! & eq→const,

p st ~ s n ! 5

d rr 422 k

2
3exp~ 2N 0 t 21
0 r t !.

^ H ~ t ! H ~ 0 ! & eq52

For k 52 and k 53, I(u) is singular at the origin u50,
I(u, k 52); d (u) and I(u, k 53); d 9 (u), and the decay of
the correlation function depends only on the behavior of the
diffusion kernel at the origin. Indeed, this property is true for
arbitrary values of k , and the correlation function of the
local field is proportional to the return probability of a ~symmetric! random walker in D5722 k spatial dimensions. For
k 53 we have D51. Since a one-dimensional random
walker returns to its origin with probability one,11 we infer

IV. EQUILIBRIUM FLUCTUATIONS

e 2N n t/ t 0 .

Thus, we recover the hierarchical picture proposed by
Basché and Moerner for fluctuations of the local field: Spins
far away produce fast fluctuations that are small in magnitude while close spins produce slow fluctuations that are
large in magnitude. It follows in particular that the relaxation
of the local field is characterized by a broad distribution of
time-scales.
For shells of constant thickness, D r 5 r n11 2 r n
5 const, we assume an homogeneous distribution of spins.
The number of spins is proportional to the volume of the
shell,

^ H ~ t ! H ~ 0 ! & eq54 p 2 g 2 TN 0

4831

Eh
t

0

~ s ! ds.

~28!

For white noise the stochastic force is Markovian,

^ h (t) h (s) & ; d (t2s), while for colored noise long-time cor-
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Ulrich Zürcher: A stochastic theory of linewidths in solids

relations exist. We invoke Onsager’s regression hypothesis
which states that correlations of fluctuating variables at times
t and 0 in equilibrium systems are the same as averages of
fluctuating variables at time t, given that certain fluctuations
have occured at time 0.12 We find for large t2s,
^ h (t) h (s) & eq; ^ H(t)H(s) & eq so that

H

~ t2s ! 0 ,

k 53,

21/2

^ h ~ t ! h ~ s ! & eq; ~ t2s ! , k 52,
d ~ t2s ! , k 51,0.

~29!

Using Eq. ~28!, the mean square displacement of the
local
field
follows
as
m(t)5 ^ @ H(t)2H(0) # 2 & eq
t
s
5 2 * 0 ds * 0 ds 8 ^ h (s) h (s 8 ) & eq . From Eq. ~29!, we find diffusive and superdiffusive behavior for long times,
m~ t !;

H

t 2,

k 53,

t , k 52,
3/2

~30!

k 51,0.

t,

The Hurst exponent h is defined by m(t);t 2h with 0<h
<1 so that h5 21 corresponds to ordinary Brownian diffusion.
We have h51 for k 53, h5 43 for k 52, and h5 21 for
k 51,0.
Super-diffusive behavior may result from a stochastic
process x(t) that is stationary and has Gaussian increments.10
For long times, the stochastic process approaches a unique
stationary state in which the distribution of the fluctuating
variable x is given by p d (x)5 p 21 * `0 exp(2ud) cos(ux)du
with 1<d<2. These are the Lévy-distributions and the parameter d is related to the Hurst exponent by d51/h. For
ordinary Brownian motion we have h5 21 and hence d52, so
that we recover the Gaussian property of its stationary distribution. Super-diffusive behavior with h51 yields d51
and this Lévy-distribution is a Lorentzian.
From Eq. ~30! we find the parameter characterizing the
stationary distribution of the local field. We have d51 for
k 53 and the distribution is a Lorentzian,
p st ~ H ! 5

l
1
,
2
p H 1l 2

k 53,

~31!

where l is the width of the Lorentzian profile. As k decreases, the distribution becomes more narrow at the origin.
A Gaussian distribution follows for k 51,0,
p st ~ H ! 5

1

Apm

S D

exp 2

H2
,
m

k 51,0,

~32!

where m is the variance of the Gaussian profile. For k 52,
the line profile lies between a Gaussian and a Lorentzian. In
Sec. II, we found a similar dependence of the line profile on
the interaction between spins. If the interaction decays more
slowly than the dipolar field, fluctuations of the local field
are dominated by flips of spins far away. The variance of
these fluctuations are small, and the Gaussian line profile is a
consequence of the central limit theorem.11
V. DISCUSSION

The theory of inhomogeneously broadened lineshapes
has been re-investigated by Kador.14 He considers the situa-

tion in which point defects are excluded from a spherical
region of radius R c around the impurity. Two limiting cases
are found depending on the density of defects. For r R 3c
!1, a Lorentzian profile is obtained, while for r R 3c @1, a
Gaussian profile follows. In the latter case, the impurity is in
the center of an empty space and a large number of defects is
already present in the first coordination shell. The relative
size of fluctuations is small for a large number of defects and
the central limit theorem can be applied to give a Gaussian
profile. In the former case, the impurity does not ‘‘notice’’
the volume that is inaccessible to the defects.
This derivation of inhomogeneous lineshapes has been
criticized by Skinner and co-workers.3 They point out that
the inequality r R 3c can be satisfied in two different ways. For
finite R c , we let r become large which contradicts the assumption of low defect densities implicit in continuum theories. Alternatively, for fixed ~and small! r , we let R c become
large. In this case, it is not clear physically why defects
should be excluded from a large sphere around the impurity.
They propose a scheme in which nearby, strongly interacting
defects are treated in an exact manner, while defects farther
away are treated in an approximative manner. Gaussian and
Lorentzian profiles are recovered in the limit of large and
small densities of defects, respectively.
We expect that the central limit theorem applies to any
inhomogeneous lineshape. Lévy generalized the standard
derivation of the Gaussian distribution and introduced socalled stable distributions.10 These are the Lévy-distributions
with Gaussian and Lorentzian distributions as limiting cases.
For non-Gaussian Lévy-distributions, moments of the random variable do not exist for arbitrarily high orders, which
implies scale-invariant properties. For the Gaussian distribution, a scale is defined by the second moment. In the above
mentioned continuum theories, scale-invariance is destroyed
by assuming that the impurity is surrounded by an empty
space. It follows that a large number of defects, N 1 , is located in the first coordination shell. In our stochastic theory,
this assumption defines the slowest ‘‘mode’’ s 1 (t) with
2
^ s 1 (t)s 1 (0) & eq5exp(2N1t21
0 t)^s1&eq . This mode determines
the long-time behavior of the local field, ^ H(t)H(0) & eq
2
. exp(2N1t21
0 t)^H (0)&eq , and diffusive behavior follows,
2
^ @ H(t)2H(0) # & eq;t for t@ t 0 /N 1 . The corresponding
stationary distribution of the local field is a Gaussian.
Spectral diffusion decay of individual pentacene molecules in p-terphenyl crystals is studied in recent papers by
Reilly and Skinner.15 They take first the average over individual spins and then consider the superposition of spins. For
a slow rate of spin flips, they arrive at an expression for the
spectral diffusion with adjustable parameters. The values of
these parameters are determined at some ~lower! temperature
so that the theory does not contain free parameters at a
~higher! temperature. At the higher temperature, this theory
gives a probability for small changes of the local field that is
smaller than experimental values obtained by analyzing individual trajectories of the local field. It is remarkable that
for both the lower and higher temperature, the experimental
data is in close agreement with predictions of Lorentzian
diffusion.
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VI. SUMMARY

We have outlined a stochastic theory of inhomogeneously broadened linewidths in solids that is in qualitative
agreement with the hierarchical picture for fluctuations of the
local field proposed by Basché and Moerner. Spins far away
produce fast fluctuations that are small in magnitude while
close spins produce large fluctuations that are infrequent. We
have derived algebraic decay of time-correlations of the local
field. The line profile is given by the stationary probability
density of the local field. Depending on the decay of the
interaction between spins, we have found Lévy-distributions
from which Gaussian and Lorentzian profiles follow as limiting cases.
We have developed a theory of spectral diffusion decay
by first considering finite superpositions of spins. In the most
probable configuration, half of the spins are in the up- and
down-state. An initial spin configuration, with an unequal
occupation of spin-states, approaches this stationary configuration for long times. Such probabilistic concepts enter the
thermodynamic description of an infinite system via the entropy term of the free energy. We are not the first to consider
entropy to derive slow relaxational properties. Indeed, the
relevance of entropy has been discussed for enhanced diffusion in one-dimensional maps16 and the non-Arrhenius behavior of the viscosity and diffusion constant in super-cooled
liquids.17
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